In this article aspects of photon-photon physics related to the structure of real and virtual photons are reviewed. A re-calculation of the virtual photon-photon box is performed and some discrepancies in the literature are clarified. A useful compilation of various relevant limits derived from the most general expressions is provided. Furthermore, structure functions of spin-averaged, transverse and longitudinal virtual target photons are defined and discussed. Finally, the factorization of two-photon processes in the Bjorken limit is demonstrated to hold also for the case of virtual target photons.
INTRODUCTION
At present, two-photon processes e + e − → e + e − γ γ → e + e − X in e + e − collider experiments are the main source of information on the (hadronic and QED) structure of the photon. As has been first realized in [?] such processes factorize in the Bjorken limit into a flux of (quasi-)real target photons which can then be probed in deep inelastic electron-photon scattering (DIS eγ ). Analogously to the familiar deep inelastic ep scattering, the unpolarized cross section for DIS eγ , eγ → eX, can be described in terms of two independent photon structure functions, say F γ 2 (x, Q 2 ) and F γ L (x, Q 2 ). (There are two more structure functions in the case of a (quasi-)real target photon: g γ 1 (x, Q 2 ) which can be measured in polarized DIS eγ again completely analogous to the case of deep inelastic scattering off spin-1/2 targets like protons and a further structure function involving helicity-flips of the target photon's helicity which is accessible by the azimuthal angular dependence of the e + e − cross section.) Due to experimental constraints the DIS eγ cross sections are measured at small values of the variable y (defined as usual) where
2 ) is kinematically suppressed due to a pre-factor ∝ y 2 in the cross section and it is the structure function F γ 2 (x, Q 2 ) which is measured. The DIS eγ data on the photon structure function F γ 2 (x, Q 2 ) are mainly sensitive to the up-quark density u γ (x, Q 2 ) in the photon as can be seen from the parton model expression for F γ 2 (in LO), F γ 2 ∝ 4u γ + d γ + s γ , whereas the gluon distribution g γ (x, Q 2 ) is only indirectly constrained at small values of x due to the evolution. Complementary information has become available in the last years due to 'resolved photon processes' (e.g. production of (di-)jets or hadrons with large p T (E T ), heavy quark production, isolated prompt photon production) in γp and γγ collisions at the ep collider HERA and the e + e − collider LEP, respectively, which are mainly sensitive to the gluon distribution in the photon. γ (x, Q 2 ) will be measurable at future polarized e + e − and ep colliders, see [?] and references therein. So far, the discussion has referred to the most important case of (quasi-)real photon targets. However, there are good reasons for considering the general case of virtual photon targets γ(P 2 ) where P 2 is the virtuality of the target photon: First of all, at present e + e − and ep collider experiments the photon beams consist of bremsstrahlung radiated off the incident lepton beam resulting in a continuous spectrum of target photons γ(P 2 ). The bremsstrahlung spectrum is proportional to 1/P 2 such that the bulk of target photons is produced at P 2 P 2 min 0. The parton content of such (quasi-)real photons is well established both experimentally and theoretically and in general one expects [?, ?, ?, ?, ?] also virtual photons to possess a parton content smoothly depending on P 2 . In this sense the real photon γ ≡ γ(P 2 0) is just a 'primus inter pares' and unified approaches to the parton content of virtual photons γ(P 2 ) which comprise the real photon case in the limit P 2 → 0 [?, ?, ?, ?] are highly desirable. This is also reflected by the fact that measurements of the real photon structure function F γ 2 in single-tag events integrate over the bremsstrahlung spectrum from P 2 min up to a P 2 max which depends on the experimental details. For instance, at LEP1(LEP2) P 2 max is as large as P 2 max 1.5 GeV 2 (4.5 GeV 2 ), cf. Section 2.2 in [?] . Although the bulk of photons is produced at P 2 P 2 min the amount of ignorance of the P 2 -dependence, mainly in the range P 2 Λ 2 , where Λ is a typical hadronic scale, feeds back on the determination of the structure function F γ 2 (parton distributions) of (quasi-)real photons. Furthermore, the case of deeply virtual target photons Q The aim of this work is to review aspects of two-photon physics related to the structure of real and virtual photons. The description of virtual target photons necessitates a more involved theoretical framework due to the longitudinal photon polarization and the more complicated kinematics. The paper is organized as follows: In Section 2 we give a comprehensible introduction into two-photon processes. After defining the required kinematical variables, we discuss the 4-photon amplitude and derive the general cross section for two-photon processes. Furthermore, we perform a re-calculation of the doubly virtual box γ (Q 2 )γ (P 2 ) →in lowest order perturbation theory. Thereby we clarify two discrepancies in the literature [?, ?] . The general results of this calculation are casted in a form which easily allows to read off various important limits, e.g., the quarkparton model (QPM) results for the structure functions of real and virtual photons and the heavy quark contributions to the photon structure functions. A useful compilation of these limits can be found in Appendix A. The notation of this section follows mainly the report of Budnev et al. [?] . Next, in Sec. 3 we define structure functions for virtual photons. Beside the spin-averaged target usually considered in the literature we discuss the possibility of defining structure functions for transverse and longitudinal target photons in view of the recent approaches in the literature to the parton content of virtual longitudinal photons [?, ?] . This will also be of importance in Sec. 4 where we investigate the factorization of two-photon processes in the 'generalized' Bjorken limit P 2 = 0, Q 2 → ∞, x = fixed. As we will see, the cross section factorizes also in this case of non-zero virtualities P 2 of the 'target photon' into fluxes of transversely and longitudinally polarized photons times the corresponding cross sections for deep inelastic scattering off these target photons up to terms of the order O( P 2 /Q 2 ). It should be noted that the factorization is essential for a theoretical description of two-photon processes in terms of (virtual) photon structure functions which can be measured in deep inelastic electron-(virtual) photon scattering. Finally, in Sec. 5 we summarize the main results and draw some conclusions.
TWO-PHOTON PROCESSES

Kinematics
The kinematics of particle production via photon-photon scattering in
is depicted in Fig. 1 . The momenta of the incoming and outgoing leptons
FIG. 1 Two-photon particle production. The solid lines are the incoming and outgoing leptons and the wavy lines are virtual photons which produce a final state X consisting of hadrons (or leptons).
, 2) respectively and the momenta of the photons are given by
In general both photons have space-like momenta and P 2 refers to the photon with smaller virtuality (P 2 ≤ Q 2 ). X denotes the final state produced in the γ (q) + γ (p) → X subprocess. For later use, we define the following variables:
FIG. 2
Squared matrix element of the process (2.1). Integration over the phase space of the system X is implied as indicated by the vertical cut.
It should be noted that two-photon processes comprise only a subset of Feynman diagrams contributing to the physically observable process e + e − → e + e − X. Other contributions arise from t-and s-channel bremsstrahlung diagrams where the bremsstrahlung photon produces the hadronic final state (see, e.g., Fig. 1 and the discussion in [?] ) and from diagrams where one (or both) of the photons is replaced by a Z boson. However, applying appropriate cuts these contributions are negligible. At first, the s-channel diagram is suppressed by a factor 1/s and is therefore very small. Furthermore, Z-exchange can be neglected as long as the boson virtualities are not too large, say Q 2 < 500 GeV 2 . On the other hand, the t-channel bremsstrahlung contribution deserves more care in certain kinematical regions. However, as long as the scattering angle of at least one of the leptons is small the direct two-photon process is strongly enhanced by a collinear logarithm ln E/m e such that the cross section for e + e − → e + e − X is dominated by the two-photon mechanism. In the fol-lowing we do not distinguish between two-photon processes and the measurable e + e − → e + e − X. The cross section for the process (2.1) is given by
with the invariant matrix element M , the Møller flux factor of the two incoming leptons 5) and the Lorentz-invariant (n + 2)-particle phase space
(2.6)
the phase space volume of the produced system X.
The cross section can be expressed in terms of the amplitudes M µν of the γ (q) + γ (p) → X subprocess as follows (see Fig. 2 ):
For unpolarized leptons the (leptonic) tensors L (1) and L (2) (see Fig. 2 ) are given by
The factor 1/2 is due to a spin average over the incoming leptons. In addition, we introduce the dimensionless quantities [?]
which have the interpretation of (unnormalized) density matrices for the corresponding virtual photons. According to the optical theorem W µ ν ,µν is the absorptive part of the virtual γγ forward amplitude shown in Fig. 3 . Taking into account P-and T-invariance (symmetry µ ν ↔ µν) and gauge invariance, i.e.
the Lorentz-tensor W µ ν ,µν can be expanded in terms of a basis of 8 independent tensors constructed from the vectors q, p and the metric tensor g. The choice of the tensor basis in which the expansion is carried out is clearly arbitrary and different forms are discussed in the literature [?, ?, ?] . In the following we will stick to the very physical expansion given in [?] :
(2.11) withβ 2 ≡ 1 − 4xδ and
(2.12)
Construction of the Tensor
Since it is quite insightful we now describe the main ideas of the construction of the photon tensor from the photon photon helicity amplitudes [?] which have simple physical interpretations. A nice discussion of the helicity amplitude formalism can also be found in Ref. [?] .
In Fig. 3 m, n and m , n are the helicities of the initial state and final state photons, respectively, which can adopt the values m, n, m , n = 0, ±1 and are constrained by angular momentum conservation: m − n = m − n. The helicity amplitudes W m n ,mn are related to the photon tensor in the following way
(2.13)
Due to P-and T-invariance and helicity conservation we have 
(2.14)
where for a space-like target C(m , n , m, m) = (−1) m +n +m+n = 1. Note that gauge invariance is satisfied by construction due to q· (q) = p· (p) = 0. Now the photon polarization vectors in the γγ-CMS can be written in a covariant way, see App. B and C in [?] : Finally, it is noteworthy that the helicity amplitudes obviously satisfy the symmetry [just turn Fig. 3 upside down]
As a consequence of this and the other above stated symmetries we find that the invariant functions W ab are symmetric under exchanging q ↔ p,
Projection Operators
The photon momenta q, p, the unit vectors Q 1 , Q 2 , and the symmetric tensor R αβ satisfy the following (orthogonality) relations:
With help of these relations it is easy to see that the various tensors in front of the invariant functions W ab in Eq. (2.11) are mutually orthogonal and therefore can be used to project out the invariant functions. This is also a direct consequence of the construction in Eq. (2.14) due to the orthonormality of the polarization vectors. With obvious notation (P µ ν ,µν
) the projectors read:
Derivation of the Cross Section
Using Eqs. (2.9), (2.10) and (2.11) one obtains by a straightforward (but tedious) calculation
whereφ is the angle between the scattering planes of the e − and the e + in the center-of-mass system (CMS) of the colliding photons and the ρ i 's are elements of the photon density matrix: 
2 |τ TL cosφ with
Here the cross sections σ ab (used as a shorthand for
are identical to the corresponding structure functions W ab up to a division by the appropriate flux factor of the two incoming photons 1 , i.e. [?] in which some relations between the elements of the photon density matrix exist. Of special interest is the case where one of the lepton scattering angles becomes small leading to a small virtuality P 2 ≈ 0 of the corresponding photon while the other photon provides a hard scale Q 2 1 GeV 2 . In this limit the cross section factorizes into a product of a flux of quasi-real target photons times the cross section for deep inelastic electron-photon scattering, see for example [?] . This process is the classical way of measuring the structure of (quasireal) photons. The findings in the latter limit can be generalized to the case of photons with non-zero virtuality P 2 = 0 as we will see in Section
1 Note that a factor 1 2 has already been absorbed into the definition of W µ ν ,µν in Eq. (2.8).
4. This allows to study the structure of virtual photons in deep inelastic eγ(P 2 ) scattering processes in a continuous range of the scale P 2 .
The Doubly Virtual Box in LO
In this section we calculate the invariant amplitudes W ab (or the cross sections σ ab ) in lowest order perturbation theory. These expressions are usually referred to as 'box' results due to the diagram representing the tensor W µ ν ,µν , where the photons are attached to a fermion box, see Fig. 4 .
.There are 4 possibilities to attach the photons to the vertices. (2 for the initial state times 2 for the final state.)
The calculation is a straightforward application of Feynman rules and will only be shortly outlined here. In order to obtain W µ ν ,µν according to Eq. (2.8) one has to build up the amplitude M µν of the process Fig. 5 where f is either a lepton or a quark of mass m. The kinematics can be described with the help
where f is a fermion of mass m.
of the 4-momentum conservation relation q + p = k 1 + k 2 and the usual Mandelstam variables
The external fermion lines are on-shell, i.e. k 2 1 = k 2 2 = m 2 , whereas the two photons are virtual (space-like): 
Unintegrated Structure Functions
The general structure of the boson-boson fusion cross section (in lowest order) is given by [?, ?] 
where q → 1. Note that z 1 is very similar to the fractional momentum variables generally used to describe energy spectra of heavy quarks (mesons):
On the other hand, z 1 = −u 1 /s 1 (or 1 − z 1 = −t 1 /s 1 ) can be viewed as a natural dimensionless combination of the Mandelstam variables of the problem. Furthermore, it is convenient to use the dimensionless variables
in order to write the coefficients in a form which is manifestly symmetric under x ↔ δ (see Sec. 2.2.1) 2 and which easily allows to read off the important 'massless limits' P 2 → 0 or m 2 → 0 to be discussed in Appendix A. Withβ = √ 1 − 4xδ the coefficients read:
The coefficients of W LT can be obtained from the corresponding ones of
It is noteworthy that our results in Eq. (2.25) generalize the z-differential expressions for the (QED) structure functions F 
Inclusive Structure Functions
The desired inclusive structure functions are obtained by integrating over the kinematically allowed range in z 1 . The boundaries for the z 1 -integration are given by
the required integrals can be immediately obtained
(2.37) Now Eq. (2.25) can be integrated using Eq. (2.37) and we arrive at the following result for the inclusive structure functions expressed by the coefficients given in the previous Section 2.4.1:
The Θ-function guarantees that the physical threshold condition s ≥ 4m 2 is satisfied. It is easy to see that β 2 ≥ 0 also impliesβ 2 ≥ 0. Recalling the relation σ ab = 1 2νβ W ab we can rewrite Eq. (2.38) for the photon-photon cross sections
(2.40)
Inserting the coefficients given in Eqs. (2.27)-(2.34) into Eq. (2.40) one obtains the final result for the doubly virtual box γ (Q 2 )γ (P 2 ) →in leading order: 
Discussion of the results
• The general structure of the final results in (2.41)-(2.48) is given by σ ab (x, δ, λ) = σ 1,ab (x, δ, λ)L + ββ σ 2,ab (x, δ, λ) as is evident from Eq. (2.40). The logarithm L stems from the 1/z 1 and 1/(1−z 1 ) terms in Eq. (2.25). It develops a mass singularity (collinear singularity) in the limit of small quark masses m and small photon virtualities P 2 . This is related to the fact that the upper and lower integration bounds in Eq. (2.35) approach one and zero in this limit: z 1,+ → 1, z 1,− → 0. As long as m or P 2 is kept non-zero the singularity is regularized. On the other hand, the 1/z 2 1 (and 1/(1 − z 1 )
2 ) parts give finite contributions because the coefficients A W ab = B W ab in Eqs. (2.27)-(2.34) vanish for P 2 , m → 0.
• The photon photon cross sections
. This is a direct consequence of the symmetries of the helicity amplitudes as has been discussed in Sec. 2.2.1.
• As a rule each longitudinal polarisation vector results in a factor √ P 2 or Q 2 depending on which of the photons, γ(P 2 ) or γ(Q 2 ), is longitudinal. (It is helpful to recall that in the helicity amplitudes W m n ,mn the helicities n and n refer to γ(P 2 ), whereas m and m refer to γ(Q 2 ).) These factors guarantee that the contributions from longitudinal photons vanish -with one exception which is discussed in App. A-in the limit when these photons become real. This rule explains several prefactors x, δ, √ x and √ δ in Eqs. (2.27)-(2.34) and (2.41)-(2.48).
• Various limits can be easily derived from the general expressions in (2.41)-(2.48), e.g.:
A useful compilation of some of these limits of the doubly virtual box expressions can be found in App. A.
Applications
The doubly virtual box expressions have several applications. First of all, they can be applied in the QED case (mainly γ (Q 2 )γ (
irrespective of P 2 and Q 2 as long as Q 2 ≥ P 2 is not too large, such that Z or W -boson exchange can be neglected. Indeed, the precise measurements of the QED structure of the photon at LEP, see e.g. chapter 6 in [?], nicely agree with the perturbative QED box predictions.
In the QCD case (γ (Q 2 )γ (P 2 ) → qq) one can distinguish different 'phases' depending on the virtualities of the two photons, Q 2 and P 2 , and on the invariant photon-photon mass W 2 = (p + q) 2 . These scales are in comparison with a typical hadronic scale like the mass of the rho meson m ρ = 770 MeV or Λ QCD = O(200 MeV). Anyhow, the uncertainty in choosing the appropriate hadronic scale can be absorbed into the ignorance of what ' ' or ' ' exactly means such that we can take Λ QCD as our hadronic scale in the following examples:
In this region of phase space we have a purely perturbative ('golden') process within QCD where the predictions of Eqs. (2.41)-(2.48) are generally expected to be applicable. We can further subdivide:
In this case we can think of a virtual target photon γ(P 2 ) whose structure is resolved by a probe photon γ(Q 2 ). Since P 
2 ) have been obtained in Ref. [?] . For an overview of the current status see, e.g., Fig. 1 in [? ].
• Q 2 Λ 2 QCD P 2 : If one of the photons is (quasi-)real or slightly virtual perturbation theory is clearly not reliable due to non-perturbative 'long distance' effects which are cut off in the previous cases by the large virtuality P 2 . For this reason the perturbative box calculation is in principle not directly applicable. Nevertheless, first analyses of real photon structure functions have been performed within the naive quarkparton model (QPM) [?] where the so-called 'QPM' or 'Box' expressions for the photon structure functions have been calculated according to the process γ (Q 2 )γ →employing a finite quark mass m = O(300 MeV). Of course, this procedure to regularize the mass singularities by some quark masses is ad hoc: the quark masses are unphysical and, moreover, the long-distance dynamics is certainly not well described by (massive) free quark propagators. Therefore, in modern approaches to the structure of (quasi-)real and (slightly) virtual target photons γ(P 2 ) [?, ?, ?] the photon structure functions (or the photon tensor) are factorized [?] into non-perturbative parton distribution functions to be fixed by experimental information and calculable short distance (Wilson) coefficient functions.
PHOTON STRUCTURE FUNCTIONS
It is the aim of this section to define structure functions of a (virtual) target photon and to relate them to the invariant functions W ab . The defining relations will be generally valid for arbitrary P 2 . However, they only have a meaningful interpretation as structure functions of a target photon probed by a deeply virtual photon γ(Q 2 ) in the limit P 2 Q 2 . The structure tensor for time-like [?] and space-like [?] spin-1 targets is described by 8 structure functions (as long as e.m. interactions are considered). Indeed, in Ref.
[?] the case of a (space-like) virtual target photon has been considered. However, for the discussion below (involving transversely and longitudinally polarized targets) it is necessary to start with the 4-th rank photon tensor given in Eq. (2.11). It is possible to obtain the 2-nd rank structure tensor by contracting the (4-th rank) photon tensor with the polarization vectors of the target photons:
(3.49)
The spin-1 structure tensor can be decomposed into a spin-averaged, a spin-dependent symmetric (singly-polarized) and a spin-dependent antisymmetric part [?, ?] . This can be achieved by writing the polarization vectors in the following manner:
The spin-averaged (structure functions F 1 , F 2 ) and spin-dependent antisymmetric parts (structure functions g 1 , g 2 ) are well-known from spin-1/2 targets. On the other hand the spindependent symmetric tensor occurs in the spin-1 case for the first time. It can be described in terms of 4 structure functions b 1 , . . . , b 4 [?].
In the rest of this section we discuss the spin-averaged part in more detail. In view of the recent literature on the parton content of virtual longitudinal photons [?, ?] and the factorization to be addressed in Sec. 4 we discuss also structure functions for transversely and longitudinally polarized targets. The following expressions are simplified if one introduces the transverse components of a four-vector x µ and of the metric tensor g µν
where 'transverse' refers to q:
Structure Functions for a Spin-Averaged Photon
Usually one introduces structure functions for a spin-averaged target photon. The corresponding structure tensor can be obtained by contracting W µ ν ,µν given in Eq. (2.11) with the metric tensor g νν . With the help of Eqs. (2.12) and (2.18) one obtains 3 :
where
Recall that the first index (a = 2, T, L) of the invariant functions W ab refers to the probe photon and the second one (b = T, L) to the target photon. Alternatively the spin-averaged tensor can be expressed in standard form in terms of the structure functions F 1 ≡ W 1 and F 2 ≡ νW 2 :
Comparing Eqs. (3.52) and (3.53) we find
These relations can be re-expressed in terms of the photon-photon cross sections 
followed by the appropriate normalization:
Longitudinal and Transverse Target Photons
Since the fluxes of transverse and longitudinal virtual photons will turn out to be different (see Eq. (4.67) below) it is most convenient to introduce structure functions of transverse respectively longitudinal target photons (instead of spin-averaged target photons). The procedure is completely analogous to the one in the previous section using again Eqs. (2.15)-(2.18) and for this reason the description will be brief. I. Transverse Photons With the help of Eq. (2.15) we can construct the structure tensor for a transverse photon target which can can be cast again into different forms
and we can directly read off the structure functions:
(3.58)
Repeating the steps in Sec.
II. Longitudinal Photons The structure tensor for a longitudinal photon target is given by (using Eq. (2.15))
( 3.60) and we find the following result for a longitudinal target photon:
(3.61)
Finally, we have (as could be expected) 
which is a consequence of the completeness relation for space-like photons (cf.
[?], Eq. (B.1)):
FIG. 6
Factorization of the e + e − → e + e − γ γ → e + e − X cross section into a flux of "target" photons radiated off the lower lepton line times the cross section for deep inelastic electron-photon scattering (black part). The cut in the photon line indicates a time order between the two subprocesses (photon emission followed by deep inelastic eγ scattering) and implies also that these two factors are independent of each other.
QED-FACTORIZATION
It is well known that for P 2 ≈ 0 the general cross section for the process e + e − → e + e − γ γ → e + e − X factorizes into a product of a flux of target photons (radiated off the electron) with the deep inelastic electron-photon scattering cross section [?, ?], see Fig. 6 for a graphical representation:
where z = E γ /E ≈ y 2 is the fraction of the lepton energy carried by the photon (in the e + e − -CMS). The cross section for deep inelastic electronphoton scattering in Eq. (4.65) reads
with the usual variable y = p · q p · p 1 = y 1 . Furthermore, f γT /e denotes the flux factor of transversely (or circularly) polarized photons with virtuality P 2 . For use below we also provide the flux factor f γL/e of longitudinally polarized photons:
(4.67)
The factorization in (4.65) is essential for relating the concept of the structure of a (real) photon to experimental measurements of two-photon processes. For this reason we want to generalize Eq. (4.65) for photons with virtuality P 2 = 0 and show that, in the Bjorken limit, factorization holds for virtual "target" photons as well. For definiteness, as the Bjorken limit we consider
is a small quantity which can be neglected. The starting point is the general cross section in Eq. (2.22). Employing Eqs. (3.58), (3.59), (3.61), and (3.62) and rearranging the terms inside the square brackets it can be written as The general strategy will be to demonstrate that ρ ++ 2 and ρ 00 2 are proportional to the flux factors of transverse and longitudinal photons, respectively, radiated off an electron and that the interference terms disappear after having performed an appropriate angular integration.
In the Bjorken limit it is useful to perform a "light cone decomposition" of the 4-momenta of the two photons [?] :
where S is the square of the ee-CMS energy. The momentum fractions ξ 
Here φ is the angle between the scattering planes of the e − and e + in the e + e − -CMS. Obviously ξ + p is negligibly small such that we can use 
S )). Since the transverse 4-vector is given by
p is the energy fraction of the lepton energy transferred to the photon. For a real (P 2 = 0) photon we recover the familiar relation p = ξ − p p 2 between the 4-momenta p and p 2 of the collinearly radiated photon and its (massless) "parent" lepton, respectively.
Before turning to the photon density matrix elements in the Bjorken limit it is helpful to relate the variable ν ≡ p·q to ξ + q , ξ − p and the transverse momenta:
where ρ ∝ √ δ is small in the Bjorken limit. Employing Eq. (4.73) we find in addition 
where the third equality can be understood with the help of Eq. (4.74).
In the Bjorken limit the photon density matrix elements in Eq. (2.21) can be cast in a very compact form using the symmetric notation Q 2 1 = Q 2 and Q 2 2 = P 2 :
(4.76)
These results have to be expressed by the independent integration variables Q 2 , y 1 , P 2 , and ξ 
and similarly we can write
where we have discarded the mass terms due to Q 
with the cross sections for deep inelastic electron-photon scattering given by [cf. Eq. (4.66 
where ε can be found in Eq. (4.78). Note that only two of the variables x, y, and Q 2 are independent since they are related via Q 2 =Ŝxy. The terms proportional to ρ vanish after φ-integration like terms of the order O(δ).
Unfortunately, the interference terms are proportional to cosφ and cos 2φ whereφ is the angle of the electron scattering planes in the γγ-CMS while φ is the angle of the electron scattering planes in the e + e − -CMS (≡ laboratory system). However, we show below that cosφ = cos φ × (1 + O(ρ) ) .
(4.81)
Therefore, we can also get rid of the interference terms (proportional to cosφ ≈ cos φ) by integrating over φ, leaving a remainder of the order O( √ δ). The latter becomes obvious if we remember that the variable ρ defined in (4.73) is proportional to √ δ cos φ such that terms ρ cos φ occurring for example in Eq. (4.81) are proportional to √ δ cos 2 φ which do not vanish by integrating over φ.
Before calculating cosφ let us state the final factorization formula: 
and where R µν (q, p) has been defined in Eq. (2.12). Using the decomposition in Eq. (4.70) it is straightforward to obtain
(4.84)
Inserting these relations into Eq. (4.83) and comparing with the definition of cos φ in Eq. (4.71) we find the above stated result
A few comments are in order:
• In the limit P 2 → P 2 min ≈ 0 the contributions from longitudinal target photons have to vanish since a real photon has only two transverse physical degrees of freedom and one recovers Eq. (4.65). Indeed, the doubly virtual box results for σ TL and F
q where m q is the quark mass. Clearly, the box expressions are not reliable in this limit. However, assuming that the structure functions of a longitudinal target photon vanish like P 2 /Λ 2 where Λ is a typical hadronic scale, say Λ = m ρ , we obtain a non-zero result because f γL/e ∝ 1/P 2 which is, however, negligible compared to the contribution from transverse target photons.
• The factorized result in Eq. (4.82) is valid up to terms O( √ δ) which formally go to zero in the Bjorken limit. However, for practical purposes it is not clear when δ = xP 2 /Q 2 is small enough for Eq. (4.82) to be a good approximation of the exact cross section in Eq. (2.22). Here, a numerical comparison of the factorization formula with the exact cross section would be interesting.
• As is well known, a similar factorization into transverse and longitudinal photon fluxes also holds in ep scattering such that the parton distributions for transverse and longitudinal virtual photons are useful also in the description of these reactions. Here 'transverse' and 'longitudinal' refer to the γ p-CMS.
• One should keep in mind that the factorization discussed here only applies to two-photon processes as specified in the introduction and in Sec. 2.1.
CONCLUSIONS
In this work two-photon processes and their relation to the structure of real and virtual photons have been reviewed. Sec. 2 contains a comprehensible introduction to two-photon processes including a re-calculation of the virtual photon-photon box (γ (Q 2 )γ (P 2 ) → qq). Thereby two discrepancies in the literature could be clarified. A hopefully useful collection of several limits of the most general results has been provided in the Appendix A. Many of these results are wide-spread over the literature with different notations and conventions.
In the 'generalized' (P 2 = 0) Bjorken limit, which practically means P 2 Q 2 , two-photon processes can be described in terms of virtual photon structure functions. In contrast to the case of real target photons with only transverse (= spin-averaged) degrees of freedom one can distinguish between spin-averaged, transverse and longitudinal target photons. The latter two being more directly related to observable quantities. In Sec. 3 virtual photon structure functions have been defined for spin-averaged, transverse and longitudinal target photons and their relation has been discussed.
Finally, we have demonstrated the factorization of two-photon processes in the generalized Bjorken limit in Sec. 4. The factorization is into fluxes of transverse and longitudinal target photons times the corresponding cross sections for deep inelastic scattering off these targets.
These results being model independent may serve as a starting point for parton model calculations. In the parton model the partonic content of both spin-averaged and transverse photons is governed by inhomogeneous evolution equations. The difference is in the boundary conditions. On the other hand, parton distributions of longitudinal target photons obey homogeneous evolution equations. Since the transverse and longitudinal photon fluxes are different it appears to be advantageous to analyze the parton content of transverse and longitudinal target photons. This is also supported by the fact that a similar factorization holds in ep scattering. Measurements of triple differential dijet cross sections at the ep collider HERA indicate that the contributions from resolved longitudinal photons in addition to transverse resolved photons improve the description of the data [?] . Moreover, the y-dependence of these data favors a resolved γ L contribution instead of simply enhancing the γ T resolved processes. On the other hand, due to experimental limitations measurements of DIS eγ are performed at small y where the transverse and longitudinal fluxes are equal. However, it is not the spin-averaged combination 'γ T − • Most important is the Bjorken limit (Q 2 → ∞, ν → ∞, x = const) in which we can study structure functions of the real and virtual photon.
• Another important case is the real photon P 2 = 0 (δ = 0) case in which the general virtual box results in (2.41)-(2.48) reduce to the standard box-diagram γ (Q 2 )γ →expressions for a real photon γ ≡ γ(P 2 = 0). Keeping the full mass dependence in (2.41)-(2.48) we obtain expressions relevant for the heavy quark contribution to the photon structure functions.
• Finally, the general light quark mass limit (for arbitrary P 2 , Q 2 ) can be easily obtained from (2.41)-(2.48) by setting m = 0 (λ = 0, β = 1) and needs no separate discussion.
In the following, our main concern will lie on the Bjorken limit. Practically this limit means that Q 2 is much larger than the other scales m 2 and P 2 . Beside the general case m 2 , P 2 Q 2 which will be studied in Section A.1 additional orderings m 2 = 0, P 2 Q 2 (Section A.2) and
3) are of interest and the expressions further simplify under these circumstances. One must be careful in handling these limits because for some of the box cross sections the result depends on which of the two limits m → 0 and P 2 → 0 is taken first. For example, below we will find the following asymptotic expressions for σ TL derived from (2.41)-(2.48):
Mathematically, the origin of such a behavior is easily identified. Terms like 4xδ 4xδ + λβ 2 occurring in (2.41)-(2.48) (not only as the argument of the logarithm) require a careful treatment. In general they are not negligible even for small m 2 and P 2 and, viewed as a function of m 2 and P 2 , they are discontinuous at (m 2 , P 2 ) = (0, 0). Finally, in Section A.3 we also derive expressions for the heavy quark contributions to the photon structure functions in the real photon limit by setting P 2 = 0 (δ = 0) but keeping the full mass dependence in (2.41)-(2.48).
All results for the photon-photon cross sections will be given for a single quark with charge e q and mass m. The photon structure functions F i , (i = 1, 2, L) can be obtained from these expressions with help of the relations in Section 3 which simplify in the Bjorken limit (P 2 Q 2 ⇒β 1): .86) with σ 2T = σ TT +σ LT , σ 2L = σ TL +σ LL . The commonly utilized expressions for a spin-averaged target photon are given by Finally, the structure function F 1 can be deduced from F L = F 2 − 2xF 1 . Since the structure functions are (apart from the normalization factor Q 2 /4π 2 α) simple linear combinations of the photon-photon cross sections they will only be written out in some special cases. For example we can write: For P 2 = 0 the virtual box results in (2.41)-(2.48) reduce to the standard box-diagram γ (Q 2 )γ →expressions for a real photon γ ≡ γ(P 2 = 0).
A.1. General Bjorken
σ TT =Ñ q 1 − 2x(1 − x) ln Q 2 (1 − x) x[P 2 x(1 − x) + m 2 ] + 4x(1 − x) − 1 − P 2 x(1 − x) P 2 x(1 − x) + m 2 + O( P 2 W 2 , λ
A.3.1. Heavy Quark Contribution
The heavy quark contribution becomes, utilizing δ = 0,β = 1 and λ = 4m 
A.3.2. Light Quark Contribution
In the light quark sector where λ 1, i.e. m 2 ≡ m 2 q Q 2 , the logarithm can be written as
and we obtain from (A.89) or (A.94) the following results (neglecting terms of the order O(λ)): 
